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Parabolic complex Monge-Ampe`re equations on
compact Hermitian manifolds
Kevin Smith
Abstract. We prove the long-time existence and convergence of solutions to a
general class of parabolic equations, not necessarily concave in the Hessian of the
unknown function, on a compact Hermitian manifold. The limiting function is iden-
tified as the solution of an elliptic complex Monge-Ampe`re equation.
1 Introduction
Since the celebrated solution of the Calabi conjecture by solving the complex Monge-
Ampe`re equation on a compact Ka¨hler manifold [31], fully non-linear partial differential
equations have played an important role in complex geometry.
Motivated by unified string theories and particularly mirror symmetry, there has re-
cently been interest in extending the theory of such equations beyond the Ka¨hler setting
to more general classes of Hermitian manifolds [27, 24, 17, 10, 12, 13, 14, 19, 20, 26, 2, 11].
Additionally, new parabolic equations have emerged which are not concave in the eigen-
values of the Hessian of the unknown function [20, 21, 6, 4]. This concavity property was
an important requirement for fully non-linear equations as originally formulated in [7, 8, 9].
The main theorem is:
Theorem 1. Let (X,χ) be an n-dimensional compact Hermitian manifold, f : X → R a
smooth function, F : (0,∞) → R a strictly increasing smooth function, and u0 : X → R
a smooth function satisfying χ+ i∂∂¯u0 > 0. Then the equation
∂tu = F (e
−fdet h) (1.1)
admits a smooth solution which exists for all time and satisfies χ + i∂∂¯u > 0 as well as
u(0) = u0, where h
j
ℓ = δ
j
ℓ + χ
jk¯uk¯ℓ. Furthermore the normalized solution
ϕ = u− 1
V
∫
X
u χn (1.2)
converges in C∞ to the unique smooth function ϕ∞ solving the complex Monge-Ampe`re
equation
(χ + i∂∂¯ϕ∞)
n = cefχn, c =
∫
X
(χ+ i∂∂¯ϕ∞)
n∫
X
efχn
(1.3)
satisfying χ + i∂∂¯ϕ∞ > 0 and
∫
X
ϕ∞χ
n = 0.
Equation (1.1) has been studied for various concave choices of F in the Ka¨hler and Her-
mitian settings [3, 5, 30]. Because we do not assume F to be concave, the general theory
of parabolic equations developed in [7, 8, 9] or [23] can not be applied.
Theorem 1 is a generalization of the theorem of [25], which was proved in the Ka¨hler
setting. To prove Theorem 1, it suffices to prove the following C2 estimate.
Theorem 2. With the setup of Theorem 1, suppose that u solves (1.1) on X × [0, T ] for
some 0 < T ≤ ∞ with u(0) = u0. Then there exists a constant C > 0 depending only on
X, χ, f , F , u0 so that
Tr h ≤ CeC(ϕ−inf ϕ). (1.4)
Here and throughout this paper, we are writing inf ϕ = infX×[0,T ] ϕ.
The reason that Theorem 2 implies Theorem 1 is that the C2 estimate is essentially
the only place in [25] that the Ka¨hler property is used, and so the rest of the proof carries
over to the Hermitian setting. We remark that the elliptic C0 estimate from [29] may be
used as an alternative to the C0 estimate from [25].
In order to streamline the proof of Theorem 2, we make use of Corollary 1 below.
Corollary 1 follows from the following generalization of an inequality of Aubin and Yau,
which we prove in section 5 using a special coordinate system of [16].
Theorem 3. If χ and ω are two Hermitian metrics on a compact complex manifold, then
gjk¯∂jTrh∂k¯Tr h
Tr h
− χpq¯Tr (h−1∇phh−1∇q¯h)− Reχpq¯χs¯rgjk¯∇phrjT sqk − Re gjk¯∇k¯hprT rpj
≤ −2Re gjk¯∂jTr h
Tr h
Tk − 1
Tr h
gjk¯TjTk + χ
pq¯gjk¯χs¯rT
r
pjT
s
qk
+ 2Re gjk¯
∂jTr h
Tr h
αk +
1
Tr h
2Re gjk¯Tjαk − Reχpq¯gjk¯T rpjαr¯qk −
1
Tr h
gjk¯αjαk. (1.5)
Here, we define the relative torsion αq¯pj = ∂j(gq¯p−χq¯p)−∂p(gq¯j−χq¯j) (that is, iα = ∂ω−∂χ)
as well as αj = χ
pq¯αq¯pj. For the rest of the notation in (1.5) we refer the reader to section
2.
We note that in the proof of Theorem 3 and in the following corollary, we rewrite (1.5),
using the identity
χpq¯Tr (h−1∇phh−1∇q¯h) + Reχpq¯χs¯rgjk¯∇phrjT sqk + Re gjk¯∇k¯hprT rpj (1.6)
= χpq¯gjk¯grs¯∇pgs¯j∇q¯gk¯r + Reχpq¯gjk¯∇pgs¯jT sqk + Reχpq¯gjk¯∇k¯gq¯rT rpj.
Corollary 1. If ∂ω = ∂χ (in particular if ω − χ is i∂∂¯-exact) then
gjk¯∂jTr h∂k¯Tr h
Tr h
− χpq¯gjk¯grs¯∇pgs¯j∇q¯gk¯r − Reχpq¯gjk¯∇pgs¯jT sqk − Reχpq¯gjk¯∇k¯gq¯rT rpj
≤ −2Re gjk¯∂jTr h
Tr h
Tk − 1
Tr h
gjk¯TjTk + χ
pq¯gjk¯χs¯rT
r
pjT
s
qk. (1.7)
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To prove Theorem 2 we use the test function
G = log Trh−Aϕ+ 1
ϕ− inf ϕ+ 1 +
B
2
F 2 (1.8)
and combine the techniques of [25] and [30]. We briefly discuss the motivation for including
each term of (1.8).
The first two terms of (1.8) were used to obtain (1.4) for the complex Monge-Ampe`re
equation on a compact Ka¨hler manifold [1, 31]. From this Yau obtained a priori estimates
up to order two, thus solving the Calabi conjecture and proving what is now called Yau’s
theorem.
The third term was introduced by [22] in a different setting, to obtain a C1 estimate
in the absence of a C0 estimate. Subsequently this term was used in [30] to obtain a C2
estimate for the complex Monge-Ampe`re equation on a compact Hermitian manifold.
Finally, the fourth term was introduced in [21] to provide an alternative proof of Yau’s
theorem using the Anomaly flow [18], and the result was generalized in [25].
We remark that in case the metric χ is balanced, then the proof of Theorem 2 becomes
considerably simpler, and indeed does not require the third term of (1.8). This is made
especially clear by, for example, noting the presence of the torsion 1-form in first term on
the right-hand side of (1.7).
Additionally we remark that one may obtain another C2 estimate, which is of a different
form than (1.4), by using the term eA(supϕ−ϕ) from [15] rather than the terms −Aϕ +
1
ϕ−inf ϕ+1
in (1.8).
This paper is structured as follows. In section 2 we define all the objects that appear
in the paper and review their basic properties. In section 3 we prove some fundamental
estimates that we will need many times. In section 4 we compute the evolution of the
test function G along the flow. In section 5 we prove Theorem 3. In section 6 we prove
Theorem 2 and hence Theorem 1.
Acknowledgments: I would like to thank my advisor D. H. Phong for constant, ongoing
encouragement and support.
2 Setup and notation
In this section we fix the notation that will be used throughout this paper.
Let (X,χ) be an n-dimensional compact Hermitian manifold. In a local holomorphic
coordinate system we write χ = iχk¯jdz
j ∧ dz¯k and χjk¯χk¯ℓ = δjℓ.
Corresponding to the Hermitian metric χ is the Chern connection, which is given on
sections of T 1,0X by
∇jV p = ∂jV p + ΓpjqV q, ∇k¯V j = ∂k¯V p + Γpk¯qV q (2.9)
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where
Γpjq = χ
pr¯∂jχr¯q, Γ
p
k¯q
= 0. (2.10)
The Chern connection has torsion and torsion 1-form
T pjq = Γ
p
jq − Γpqj, Tj = T ppj (2.11)
which are both generally non-zero. It also has curvature
Rk¯j
p
q = −∂k¯Γpjq (2.12)
which satisfies the defining property that
[∇j ,∇k¯]V p = Rk¯jpqV q. (2.13)
The metric defines a Laplacian
∆ = χjk¯∇j∇k¯. (2.14)
Now we turn our attention to equation (1.1). Since F ′ > 0, the flow is parabolic and exists
for a short time. The remainder of this paper is dedicated to proving a priori estimates, so
from now on we assume that u solves (1.1) on an interval [0, T ], where 0 < T ≤ ∞, with
u(0) = u0, as well as the condition χ + i∂∂¯u0 > 0. We set
ϕ = u− 1
V
∫
X
u χn (2.15)
where V =
∫
X
χn.
Along the flow, we define a (1, 1)-form
gk¯j = χk¯j + uk¯j (2.16)
as well as an endomorphism of T 1,0X
hpq = χ
pr¯gr¯q. (2.17)
The determinant estimate in the next section, together with the assumption that χ +
i∂∂¯u0 > 0, implies that g and h remain positive along the flow. Therefor we may also
consider the inverse matrix gjk¯gk¯ℓ = δ
j
ℓ and the inverse endomorphism h
−1. It follows that
Tr h = n + χjk¯uk¯j and Trh
−1 = n− gjk¯uk¯j .
We denote the linearized operator by
L = F ′e−fdet h gjk¯∂j∂k¯. (2.18)
Here and throughout we write F = F (e−fdet h), F ′ = F ′(e−fdet h), and so on.
4
3 Preliminary estimates
In this section we prove fundamental estimates for the determinant and traces that will
be needed many times.
We start by estimating the determinant. It will be convenient to consider the quantity
H = e−fdet h.
Lemma 1. With the hypotheses of Theorem 2,
C−1 ≤ H ≤ C, C−1 ≤ det h ≤ C, |∂tu| ≤ C, |∂tϕ| ≤ C. (3.19)
In the first two estimates C = C(χ, u0, f), and in the last two estimates C = C(χ, u0, f, F ).
Proof. Since
(∂t − L)H = F ′′Hgjk¯∂jH∂k¯H (3.20)
we have that Hmax is decreasing and Hmin is increasing. The first two estimates follow.
The equation ∂tu = F now gives the last two estimates.
Now we prove positive lower bounds for the traces.
Lemma 2. With the hypotheses of Theorem 2,
Tr h ≥ C−1 and Tr h−1 ≥ C−1. (3.21)
Here C = C(χ, u0, f).
Proof. The determinant estimate (3.19) yields
Tr h ≥ λmax ≥ n
√
λ1 · · ·λn ≥ C−1 (3.22)
and
Tr h−1 ≥ 1
λmin
≥ 1
n
√
λ1 · · ·λn
≥ C−1. (3.23)
4 Evolution equations
In this section we compute (∂t − L)G.
It is straightforward to check that the following formulas from [25] still hold without
the assumption that χ is Ka¨hler:
(∂t − L) log Tr h = (∂t − L)Tr h
Tr h
+ F ′e−fdet h
gjk¯∂jTr h∂k¯Tr h
(Tr h)2
(4.24)
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(∂t − L)Tr h = F ′e−fdet h
{
∆det h
det h
− 2
det h
Re 〈∂f, ∂det h〉+ ef∆e−f (4.25)
+
F ′′
F ′e−fdet h
|∂(e−fdet h)|2 − gjk¯∂j∂k¯∆u
}
.
∆det h
det h
= χpq¯gjk¯∇p∇q¯gk¯j − χpq¯gjk¯grs¯∇pgk¯r∇q¯gs¯j +
|∂det h|2
(det h)2
. (4.26)
To proceed we must commute the covariant derivatives in the first term of (4.26). Because
in the non-Ka¨hler setting it is no longer true that [∇j ,∇k] = 0, we will obtain terms
involving both the curvature and the torsion of χ. The relevant commutation relations, in
the order we will use them, are
[∇q¯,∇k¯]uj = −∂s¯ujT sqk (4.27)
[∇p,∇k¯]uq¯j = us¯jRk¯pq¯ s¯ − uq¯rRk¯prj (4.28)
[∇p,∇j]uq¯ = −∂ruq¯T rpj. (4.29)
Applying (4.27), (4.28), (4.29) to the first term of (4.26) gives
χpq¯gjk¯∇p∇q¯gk¯j = gjk¯∂j∂k¯∆u+ gjk¯us¯jRk¯pps¯ − gjk¯uq¯rRk¯ q¯rj (4.30)
− χpq¯gjk¯∇p(us¯jT sqk)− χpq¯gjk¯∇k¯(uq¯rT rpj).
Using us¯r = gs¯r − χs¯r on the curvature terms gives
χpq¯gjk¯∇p∇q¯gk¯j = gjk¯∂j∂k¯∆u+R′ − h−1jkRkpqjhpq (4.31)
− χpq¯gjk¯∇p(us¯jT sqk)− χpq¯gjk¯∇k¯(uq¯rT rpj)
where R′ = Rjp
p
j .
Substituting (4.31), (4.26), (4.25) into (4.24), and expanding the ∂(e−fdet h) term of
(4.25) as well as the torsion terms of (4.31) and using ∇χ = 0, we find
(∂t − L) log Tr h = (4.32)
F ′e−fdet h
Tr h
{
gjk¯∂jTrh∂k¯Tr h
Tr h
− χpq¯gjk¯grs¯∇pgk¯r∇q¯gs¯j
− χpq¯gjk¯∇pgs¯jT sqk − χpq¯gjk¯∇k¯gq¯rT rpj − χpq¯gjk¯us¯j∇pT sqk − χpq¯gjk¯uq¯r∇k¯T rpj
+
(
1
(det h)2
+
F ′′e−f
F ′det h
)
|∂det h|2 −
(
1
det h
+
F ′′e−f
F ′
)
2Re 〈∂det h, ∂f〉
+
F ′′e−fdet h
F ′
|∂f |2 + ef∆e−f +R′ − h−1jkRkpqjhpq
}
.
Now we apply (∂t − L) to the other terms of (1.8).
− A(∂t − L)ϕ = −A∂tϕ+ AnF ′e−fdet h− AF ′e−fdet hTr h−1 (4.33)
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(∂t − L) 1
ϕ− inf ϕ+ 1 = −
1
(ϕ− inf ϕ+ 1)2∂tϕ−
2F ′e−fdet h
(ϕ− inf ϕ+ 1)3g
jk¯∂jϕ∂k¯ϕ
+
nF ′e−fdet h
(ϕ− inf ϕ+ 1)2 −
F ′e−fdet h
(ϕ− inf ϕ+ 1)2Tr h
−1
(4.34)
B
2
(∂t − L)F 2 = −BF ′e−fdet hgjk¯∂jF∂k¯F. (4.35)
Combining (4.32), (4.33), (4.34), (4.35) we find
(∂t − L)G = (4.36)
F ′e−fdet h
Tr h
{
gjk¯∂jTr h∂k¯Tr h
Trh
− χpq¯gjk¯grs¯∇pgk¯r∇q¯gs¯j (4.37)
− χpq¯gjk¯∇pgs¯jT sqk − χpq¯gjk¯∇k¯gq¯rT rpj − χpq¯gjk¯us¯j∇pT sqk − χpq¯gjk¯uq¯r∇k¯T rpj (4.38)
+
(
1
(det h)2
+
F ′′e−f
F ′det h
)
|∂det h|2 −
(
1
det h
+
F ′′e−f
F ′
)
2Re 〈∂det h, ∂f〉 (4.39)
+
F ′′e−fdet h
F ′
|∂f |2 + ef∆e−f +R′ − h−1jkRkpqjhpq
}
(4.40)
− A∂tϕ+ AnF ′e−fdet h− AF ′e−fdet hTr h−1 (4.41)
− 1
(ϕ− inf ϕ+ 1)2∂tϕ−
2F ′e−fdet h
(ϕ− inf ϕ+ 1)3g
jk¯∂jϕ∂k¯ϕ (4.42)
+
nF ′e−fdet h
(ϕ− inf ϕ+ 1)2 −
F ′e−fdet h
(ϕ− inf ϕ+ 1)2Tr h
−1 (4.43)
− BF ′e−fdet hgjk¯∂jF∂k¯F. (4.44)
We note that though some terms in this expression are complex, nonetheless their sum is
real. Hence in what follows we need only to estimate the real part of each term.
We now discuss the role of the many terms in (4.36).
The first term of (4.37) is the primary bad term. The second term of (4.37) is the
primary good term. The terms of (4.38) are new torsion terms that do not appear in the
Ka¨hler case.
In the Ka¨hler case, the primary good term is able to defeat the primary bad term. In
fact, this is still true in the balanced case (see the remark in the introduction). However
it is no longer true in the Hermitian case.
Fortunately, though the primary good term is only able to defeat a part of the primary
bad term, it is nonetheless able to defeat the new torsion terms at the same time. The
special coordinate system (5.45) below facilitates this.
Bounding the remaining part of the primary bad term requires help from the terms of
(4.42), (4.43), and (4.44). This is the reason for including 1
ϕ−inf ϕ+1
in (1.8).
The first term of (4.39) is another bad term. It is defeated by the term of (4.44). This
is the purpose of the F 2 term in (1.8).
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5 Aubin-Yau inequality
In this section we work only with two arbitrary Hermitian metrics χ, ω on a compact
complex manifold, and prove Theorem 3. As a result, we will have obtained control over
the terms of (4.37) and (4.38). Recall that we define αq¯pj = ∂juq¯p−∂puq¯j and αj = χpq¯αq¯pj,
where uk¯j = gk¯j − χk¯j.
We work at a point x0 using the coordinate system of [16], which satisfies
χk¯j(x0) = δk¯j, ∂jχk¯k(x0) = 0, gk¯j(x0) is diagonal. (5.45)
We first compute the bad term. In this coordinate system we have ∂jTr h =
∑
q ∂juq¯q.
gjk¯∂jTr h∂k¯Tr h =
∑
gkk¯∂kuq¯q∂k¯us¯s (5.46)
=
∑
gkk¯(∂quq¯k + αq¯qk)(∂s¯uk¯s + αs¯sk)
=
∑
k,q,s
gkk¯∂quq¯k∂s¯uk¯s + 2Reχ
pq¯gjk¯∂puq¯jαk + g
jk¯αjαk
= χpq¯χrs¯gjk¯∂pgq¯j∂s¯gk¯r − χpq¯χrs¯gjk¯(∂pgq¯j∂s¯χk¯r + ∂pχq¯j∂s¯gk¯r − ∂pχq¯j∂s¯χk¯r)
+ 2Reχpq¯gjk¯∂puq¯jαk + g
jk¯αjαk
= χpq¯χrs¯gjk¯∂pgq¯j∂s¯gk¯r − χpq¯χrs¯gjk¯(∂puq¯j∂s¯χk¯r + ∂pχq¯j∂s¯uk¯r + ∂pχq¯j∂s¯χk¯r)
+ 2Reχpq¯gjk¯∂puq¯jαk + g
jk¯αjαk
= χpq¯χrs¯gjk¯∂pgq¯j∂s¯gk¯r − 2Reχpq¯gjk¯∂puq¯jTk − gjk¯TjTk
+ 2Reχpq¯gjk¯∂puq¯jαk + g
jk¯αjαk
= χpq¯χrs¯gjk¯∂pgq¯j∂s¯gk¯r − 2Reχpq¯gjk¯(∂juq¯p − αq¯pj)Tk − gjk¯TjTk
+ 2Reχpq¯gjk¯(∂juq¯p − αq¯pj)αk + gjk¯αjαk
= χpq¯χrs¯gjk¯∂pgq¯j∂s¯gk¯r − 2Re gjk¯∂jTr hTk + 2Re gjk¯αjTk − gjk¯TjTk
+ 2Re gjk¯∂jTr hαk − gjk¯αjαk.
The good term is
− χpq¯gjk¯grs¯∇pgs¯j∇q¯gk¯r = −χpq¯gjk¯grs¯∂pgs¯j∂q¯gk¯r + 2Reχpq¯gjk¯∂pgs¯jΓsqk − χpq¯gjk¯gs¯rΓrpjΓsqk.
(5.47)
Now we have
−χpq¯gjk¯∇pus¯jT sqk − χpq¯gjk¯∇k¯uq¯rT rpj =− 2Reχpq¯gjk¯∂pgs¯jT sqk (5.48)
+ χpq¯gjk¯gs¯rΓ
r
pjΓ
s
qk − χpq¯gjk¯gs¯rΓrjpΓskq
+ χpq¯gjk¯χs¯rT
r
pjT
s
qk − χpq¯gjk¯T rpjαr¯qk.
Note that the second term on the right-hand side of (5.47) may combine with the first
term on the right-hand side of (5.48), using Γsqk−T sqk = Γskq. Also note that the third term
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on the right-hand side of (5.47) cancels with the second term on the right-hand side of
(5.48). Thus we see that
gjk¯∂jTr h∂k¯Tr h
Tr h
− χpq¯gjk¯grs¯∇pgs¯j∇q¯gk¯r − Reχpq¯gjk¯∇pus¯jT sqk − Reχpq¯gjk¯∇k¯uq¯rT rpj
=
1
Trh
χpq¯χrs¯gjk¯∂pgq¯j∂s¯gk¯r − 2Re gjk¯
∂jTrh
Trh
Tk − 1
Tr h
gjk¯TjTk
+ 2Re gjk¯
∂jTrh
Trh
αk +
1
Tr h
2Re gjk¯αjTk − 1
Tr h
gjk¯αjαk
− χpq¯gjk¯grs¯∂pgs¯j∂q¯gk¯r + 2Reχpq¯gjk¯∂pgs¯jΓskq
− χpq¯gjk¯gs¯rΓrjpΓskq + χpq¯gjk¯χs¯rT rpjT sqk − Reχpq¯gjk¯T rpjαr¯qk. (5.49)
The first term on the right-hand side of (5.49) may be estimated as follows, by a classic
technique using the Cauchy-Schwarz inequality twice:
χpq¯χrs¯gjk¯∂pgq¯j∂s¯gk¯r =
∑
s,q
∑
k
gkk¯∂sgs¯k∂q¯gk¯q (5.50)
≤
∑
s,q
√∑
k
gkk¯|∂sgs¯k|2
√∑
k
gkk¯|∂qgq¯k|2
=

∑
s
√∑
k
gkk¯|∂sgs¯k|2


2
=

∑
s
√
gs¯s
√∑
k
gss¯gkk¯|∂sgs¯k|2


2
≤ (Tr h) ·
∑
k,s
gkk¯gss¯|∂sgs¯k|2.
Also the eighth term on the right-hand side of (5.49) may be broken apart, using the
special coordinate system, as
2Reχpq¯gjk¯∂pgs¯jΓ
s
kq ≤
∑
q 6=s
gkk¯gss¯|∂qgs¯k|2 + χpq¯gjk¯gs¯rΓrjpΓskq. (5.51)
Hence from (5.49), (5.50), (5.51) we obtain
gjk¯∂jTr h∂k¯Tr h
Tr h
− χpq¯gjk¯grs¯∇pgs¯j∇q¯gk¯r − Reχpq¯gjk¯∇pus¯jT sqk − Reχpq¯gjk¯∇k¯uq¯rT rpj
≤ − 2Re gjk¯∂jTrh
Trh
Tk − 1
Tr h
gjk¯TjTk + 2Re g
jk¯∂jTr h
Tr h
αk +
1
Tr h
2Re gjk¯αjTk − 1
Tr h
gjk¯αjαk
+ χpq¯gjk¯χs¯rT
r
pjT
s
qk − Reχpq¯gjk¯T rpjαr¯qk.
(5.52)
This proves Theorem 3.
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6 C2 estimate
Now we prove Theorem 2. We work at a maximum point (x0, t0) of G. Since ∂jG = 0 at
this point, we have
∂jTr h
Tr h
= A∂jϕ+
1
(ϕ− inf ϕ + 1)2∂jϕ−BF∂jF. (6.53)
Recalling the expression (4.36) for (∂t−L)G and applying Corollary 1 shows that we now
need only to estimate the term involving gjk¯∂jTr hTk from (1.7) and the terms controlled
by |∂det h|2 from (4.36).
Using (6.53) and incorporating the factor of F ′e−fdet h/Tr h from outside the brackets
in (4.36), we have that the first term coming from the right-hand side of (1.7) may be
estimated in the following way, as long as A > 1:
− F
′e−fdet h
Trh
2Re gjk¯
∂jTr h
Tr h
Tk
= −F
′e−fdet h
Trh
2Re gjk¯
(
A∂jϕ+
1
(ϕ− inf ϕ+ 1)2∂jϕ− BF∂jF
)
Tk
≤ F
′e−fdet h
(ϕ− inf ϕ+ 1)3g
jk¯∂jϕ∂k¯ϕ+
(ϕ− inf ϕ+ 1)3
(Tr h)2
CA2Tr h−1
+
F ′e−fdet h
(ϕ− inf ϕ+ 1)3g
jk¯∂jϕ∂k¯ϕ+
(ϕ− inf ϕ+ 1)−1
(Tr h)2
CTr h−1
+ F ′e−fdet hgjk¯∂jF∂k¯F + CB
2Tr h−1
≤ 2F
′e−fdet h
(ϕ− inf ϕ+ 1)3g
jk¯∂jϕ∂k¯ϕ+
(ϕ− inf ϕ+ 1)3
(Tr h)2
CA2Tr h−1
+ F ′e−fdet hgjk¯∂jF∂k¯F + CB
2Tr h−1.
(6.54)
Adding the terms from (4.41), (4.42), (4.43), (4.44) to (6.54) and using a positive lower
bound for F ′e−fdet h gives
−F
′e−fdet h
Tr h
2Re gjk¯
∂jTr h
Tr h
T qqk + (∂t − L)
{
−Aϕ + 1
ϕ− inf ϕ+ 1 +
B
2
F 2
}
≤ CA+ (CB2 − ǫA)Tr h−1 + (ϕ− inf ϕ+ 1)
3
(Tr h)2
CA2Tr h−1
+ (1− B)F ′e−fdet hgjk¯∂jF∂k¯F.
(6.55)
Now as long as B > 1 then
(1− B)F ′e−fdet hgjk¯∂jF∂k¯F = (1− B)(F ′)3e−3fdet hgjk¯∂jdet h∂k¯det h
+ (1− B)(F ′)3e−3f (det h)3gjk¯∂jf∂k¯f
− (1−B)(F ′)3e−3f(det h)22Re gjk¯∂jdet h∂k¯f
≤ (2− ǫB)gjk¯∂jdet h∂k¯det h+ CB2Trh−1.
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Since
1
Tr h
|∂det h|2 ≤ gjk¯∂jdet h∂k¯det h (6.56)
we see that for B ≫ 1 the term (1−B)F ′e−fdet hgjk¯∂jF∂k¯F overtakes the final unwanted
terms from (4.39).
Putting all of the above estimates together, it follows that at (x0, t0)
0 ≤ (∂t − L)G
≤ CA+ (CB2 − ǫA)Tr h−1 + (ϕ− inf ϕ+ 1)
3
(Tr h)2
CA2Tr h−1.
(6.57)
Take A≫ B so that
0 ≤ CA− 2Tr h−1 + (ϕ− inf ϕ+ 1)
3
(Tr h)2
CA2Trh−1. (6.58)
Now we consider two cases. If
(Tr h)2 ≤ CA2(ϕ− inf ϕ+ 1)3 (6.59)
then since 3
2
log s ≤ s we have
G ≤ G(x0, t0) (6.60)
≤ log Trh(x0, t0)− Aϕ(x0, t0) + 1 + B
2
F (x0, t0)
2
≤ 1
2
log (CA2(ϕ(x0, t0)− inf ϕ+ 1)3)− Aϕ(x0, t0) + 1 + B
2
F (x0, t0)
2
≤ ϕ(x0, t0)− inf ϕ+ 1 + 1
2
log (CA2)− Aϕ(x0, t0) + 1 + B
2
F (x0, t0)
2
= −(A− 1)ϕ(x0, t0)− inf ϕ+ 2 + 1
2
log (CA2) +
B
2
F (x0, t0)
2
≤ −A inf ϕ+ 2 + 1
2
log (CA2) +
B
2
F (x0, t0)
2.
Since F is uniformly bounded this implies (1.4) directly.
The alternative to (6.59) is
(ϕ− inf ϕ+ 1)3
(Tr h)2
CA2 ≤ 1. (6.61)
In this case (6.58) implies Tr h−1(x0, t0) ≤ C. The determinant estimate now gives
Tr h(x0, t0) ≤ C. Hence
log Tr h− Aϕ ≤ G (6.62)
≤ G(x0, t0)
≤ log Tr h(x0, t0)− A inf ϕ+ 1 + B
2
F (x0, t0)
2
≤ log Tr h(x0, t0)− A inf ϕ+ C
11
and finally
Tr h ≤ CeA(ϕ−inf ϕ). (6.63)
This completes the proof of Theorem 2 and hence the proof of Theorem 1.
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